
 

Further Mathematics Induction Booklet 

 

 
Summer reading: 
You are encouraged to read the following two books over the summer 

● The Story of Mathematics by Anne Rooney (ISBN 978- 1- 84193 -940-7) 
● The Calculus Wars by Jason Bardi (ISBN 978-1-84344-036-9) 

 
General Introduction: 
The background to the following exercises is GCSE and it’s essential that you are confident with these 
basic concepts in order to be prepared for the new world of further mathematics and of course the 
Further Maths induction test in September. 
 
Instructions: 
Please ensure you complete all questions and do any further practice if you’re not 100% confident 
with any parts of the topics. There are explanations on each topic that should act as guidelines on 
how to approach the questions and correctly set out your work, which is essential for the ground of 
your studies in the following year. 
 
If you struggle with any part of this, here are the recommended websites where you can get extra 
support: 

● My Maths 
● Dr. Frost Maths 
● Mr. Barton Maths 
● Corbett Maths 
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Questions 

Trigonometry: 
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Here are the exact trig values that you should have learnt for GCSE:
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Practice Section A: 
The following questions are about exact trig values, please do them without a calculator! 
 
 
a) 
 
 
 
 
 
 
 
 
 
 
 
 
b) 
 
 
 
 
 
 
 
 
 
 
 
c) 
 
 
d) 
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Algebraic fractions: 
If you know that divided by = , this section will be quite simple for you.x2 x x  
Algebraic fractions are the same as normal fractions, just with letters. 
 

How to simplify algebraic fractions: 
 
When simplifying fractions, the aim is to find a common factor in the top and the                
bottom and then cancel them out, e.g. we get that 6/8 = 3/4​ by observing 6 and 8                  
have a common factor of 2, which we can then cancel from the top and bottom (in                 
other words, we divide both numbers by it). Here, the aim is the same, but factors                
look a little different. 
 
Note: It may be the case that you have to do some expanding first before you can                 
factorise. Bear this in mind when you’re having a go at the questions below. 
 
Example: Simplify fully the fraction below 

 
First, we will consider factorising the numerator. We see that is           
a quadratic, so observing that the numbers 3 and -2 multiply to            
make -6 and add to make 1, we get 

 + a - 6 = (a + 3)(a - 2)   a  2  
Now, for the denominator: 

                                       ab + 3b = b(a + 3) 
This might seem insignificant, but what we now have is a factor of (a+3) in both the                 
numerator and the denominator, which means we can cancel it. This looks like: 

 
There is nothing else that the top and bottom have in common, so that must mean                
that we’re done. 
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Adding and subtracting algebraic fractions: 
 
When adding or subtracting algebraic fractions, the aim is still to find a common 
denominator. If you can, it might make your life a little easier to use the lowest 
common multiple of both the denominators in question as your common 
denominator. However, it isn’t always easy to know what this is so if you’re unsure, 
you can always safely use the product of both denominators instead (and to be 
honest, in algebraic fraction this often is the lowest common multiple anyway). 
 
Example:  

Our choice of common denominator will be the product of          
both denominators, which is 

7×(m−6)=7(m−6) 
We could expand the brackets, but it’s better to leave it           
factorised in case we can cancel anything later. So, our          

left-hand fraction is being multiplied by 7 on top and bottom, whilst our right-hand              
fraction is being multiplied by (m - 6)(m−6). So, we get 

 
We have written it as one fraction, now we must simplify it fully. First, we should                
expand the brackets and collect terms on the top, which we can then factorize to see                
if there are any common factors we can cancel. 
Denominator: 

7m + m(m - 6) = 7m + m  - 6m = m  + m = m(m + 1) 2  2  
 
We cannot factorize this denominator further, so our fraction becomes 
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Practice Section A: 
 

 
 

Practice Section B: 
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Practice Section C: 

 

Practice Section D: 
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Proofs 
The idea of a proof is to make a universal statement – for example, you don’t just                 
want to say that the angles in ​some triangles add up to 180, you want to say that the                   
angles in ​all ​triangles add up to 180.  
The general structure of a proof is to begin with one statement, take a series of                
logical and mathematical steps, and end up at the desired conclusion. Of course, not              
everything we want can be proved true. In fact, all it takes to prove a statement false                 
is to find a ​counterexample – a particular example for which the universal statement              
you’re trying to make doesn’t hold true. 
 
Example 1 (counterexample): ​Hernan claims “if you square a number and add 1, 
the result is a prime number”. Find a counterexample to prove her statement wrong. 

+1=1+1=2, which is prime12  
+1=4+1=5, which is prime22  

+1=9+1=10, which is not prime32  
This is a counterexample for her statement, so we have proved it to be false. 
 
Example 2 (divisibility): ​Prove that  (n + 2 - (n - 2  is divisible by 8 for any)2  ) 2  
positive whole number n. 
To do this, we need to show that (n + 2 - (n - 2  can be written in some way that)2  ) 2  
is clearly divisible by 8. To find a way to write an expression like this differently, we 
can try expanding it. So, the first bracket expands to: 

 
Then, the second bracket expands to 

 
The expression in the question has the second bracket being subtracted from the 
first one. So, we will do this subtraction with the expansion of the two brackets: 

 
We can see that the n^2​n​2 terms will cancel, as will the 4s, so all we’re left with is: 

 
So, the whole expression simplifies to 8n. Now, if n is a whole number, then 8n must 
be divisible by 8 (if we divide it by 8, we get the answer n). Since 8n is equivalent to 
the expression we started with, it must be the case that (n + 2 - (n - 2  is divisible)2  ) 2  
by 8 for any positive whole number n – so the statement is now universal. Thus, we 
have completed the proof. 
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Example 3 (odd numbers): ​Prove that the square of an odd number is also odd. 
 
Okay, so if we’re going to make a statement about odd numbers and we want to use                 
algebra to prove the statement, we need some way to express an odd number with               
algebra.  
To do this, let’s consider even numbers: an even number is a multiple of 2, by                
definition, so if n is any whole number, then 2n must be an even number. Indeed,                
any even number can be expressed by 2n if you pick the right n​. Furthermore, any                
odd number is always the next one along from an even number. So, we can express                
an odd number as 2​n​+1. 
So, now that we have our algebraic expression of an odd number, we can really get                
going. The question asks about the square of an odd number, so let’s square our               
expression for a general odd number: 

 
The question is now: how do we know this is odd? Well, we can’t take a factor of 2                   
out of the whole thing, but we can take a factor of 2 out of the first two terms. Doing                    
so, we get: 

 
Now, might seem like a reasonably complicated expression but importantly,2n2n2 +            
it must be a whole number. This is because n is a whole number, and if you square a                   
whole number/multiply it by other whole numbers, the result must still be a whole              
number. 

 
And since 2 x (some whole number) is how we defined an even number, it follows 
that 2 x (some whole number) + 1 is how we define an odd number.  
Therefore, this expression – and thus, the square of ​any​ odd number – must be odd. 
This is our universal statement, and we have completed the proof. 
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Proof Practice Section A: 

Proof Practice Section B: 
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Matrices - Introduction: 
Matrices, and in particular matrix algebra is used in many branches of mathematics. 
It used extensively in 3D computer graphics, they are also used to manage large 
amounts of data, or in practical applications such as aviation management control. 
 
Make sure that you set your work out in a clear and logical manner. It should be 
clearly labeled so that you can find each exercise easily in September. 
 
Definition:​ A matrix (plural: matrices) is an array of numbers, which is displayed in a 
rectangular table. The number of rows and columns a matrix has is called the 
dimension of the matrix. If it has ​n​ rows and ​m ​columns it is said to be an​ n ​by​ m 
matrix or​ n ​x​ m ​matrix. Each number in the matrix is called an element of the matrix. 
 
Examples 

 is a 1 by 3 matrix  
 

 is a 3 by 3 matrix  
 

 is a 3 by 2 matrix 
 

Matrices can be added or subtracted by adding or subtracting the corresponding 
elements. Matrices can only be added or subtracted if they are the same dimension. 
 
Examples 
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Matrices Practice Section A: 
Complete the following questions  
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Scalar Multiplication. 
A scalar is a number. Scalar multiplication is when we multiply each element within 
the matrix by the same number. 
 
Example 
 
 
 
 

 
 

Matrices Practice Section B: 
Complete the following questions:- 
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Matrix Multiplication 
 

Two matrices can only be multiplied together if the number of columns in the first 
matrix is equal to the number of rows in the second. The resulting matrix then has 
the number of rows from the first matrix and the number of columns from the second. 
 
How matrices are multiplied together is not intuitive. The method is given in general 
terms for 2 by 2 matrices and examples given for matrices of different dimensions.  
 
Work along the first row of the first matrix while going down the first column of the 
second matrix, then do the first row & the second column, second row & first column, 
second row & second column. 
 

 
 
 
Examples 

 
 

 
 
 

 
Important Example 

If A =  and   B =  find AB and also BA 
 
 
 
Non Commutativity of Matrix Multiplication 
You should have found in the example above that the answers AB and BA are not 
the same. 
We say that matrix multiplication is not commutative. (Unlike normal numbers where 
the order in which we multiply them does not matter, 3 x 2 = 2 x 3). 
Therefore, the ​order​ in which we multiply matrices is important and does matter. 
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Matrices Practice Section C: 
Complete the following questions  
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The Identity Matrix 

I = , is called the identity matrix. So also is any other square matrix which has 
ones down the leading diagonal and zeros elsewhere. Define the “leading diagonal” 
 

If A =  and   B = . 
 
Find the matrices  AI, IA, BI, IB  IAB, AIB, ABI.  
Then write down the effect of the identity matrix when multiplying with other 
matrices. 
 
 
The inverse of a 2 by 2 matrix 
We wish to find a matrix so that when we multiply it by A we obtain the identity 
matrix, I. This matrix we wish to find is called the inverse of A. 
 

If A=  then its inverse is given by A​-1​ =  
 
ad – bc is called the determinant of the matrix A. We write it as ​detA 
 
If  det A = 0 then the inverse of A cannot be found and the matrix is said to be a 
singular matrix. 
  
 
Example: 
Show using A and A​-1​ above that A​-1 ​A = I. 
 
AA −1 = 1

ad−bc (a b c d ) (d   a )− b − c  
= 1
ad−bc (ad c b a cd c c d )− b − a + b − d − b + a  

= 1
ad−bc (ad c 0 0 ad c )− b − b  

= 1
ad−bc (1 0 0 1 )  

 
Similarly, it can be shown that A A​-1 ​= I. 
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Using the inverse of a matrix 
 
Unlike with numbers, the inverse of multiplication by a matrix is not division by a 
matrix; it is multiplication by the inverse of the matrix. 
 
Example: 
Given that ​A​ =  and ​AB​ = , find ​B​.(2  4 3 )− 1 (3 6 1 22 )  
 
To find ​B​, we must pre-multiply (multiply on the left) both sides by the inverse of ​A​, 
A​-1​. 
A​-1​ = 1

10 (3 1  2 )− 4  
 
AB​ = (3 6 1 22 )  
And so ​A​-1​AB​ =  1

10 (3 1  2 )− 4 (3 6 1 22 )  
Hence ​B​ =  1

10 (3 1  2 )− 4 (3 6 1 22 )  
 
So,  ​B​ =  1

10 (3 1  2 )− 4 (3 6 1 22 )  
B​ = 1

10 (10 40 0 20 )− 1   
B​ = (1 4  2 )− 1   
 
Note, because multiplication of matrices is non-commutative, we must pre-multiply 
both sides in this case rather than post-multiply (multiply on the right). 
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Matrices Practice Section D: 
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Complex Numbers 
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Complex Numbers Practice Section A: 
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Complex Numbers Practice Section B: 
Do not use your calculator in this exercise: 
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Complex Numbers Practice Section C: 
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Answers 

Trigonometry Practice Section A: 
a) 

 
b) 
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c) 

 
d) 
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Algebraic Fractions Practice Section A: 
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Algebraic Fractions Practice Section B: 
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Algebraic Fractions Practice Section C: 
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Algebraic Fractions Practice Section D: 
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Proofs Practice Section A 

 

 
``34 
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Proofs Practice Section B 

 
 

Matrices Practice Section A 
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Matrices Practice Section B 

 

 

Matrices Practice Section C 
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Matrices Practice Section D 
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Complex Numbers Practice Section A 
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Complex Numbers Practice Section B 
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Complex Numbers Practice Section C 
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